The electroweak currents of quarks and leptons in the SO(5) × U (1) gauge-Higgs unification model in the Randall-Sundrum warped space are determined. The 4D gauge couplings deviate from those in the standard model and the weak universality is slightly violated. It is shown that the model is free from 4D anomalies and the deviations of the gauge couplings are tiny, less than 1% except for the top quark. The Zt LtL , Zt RtR , Zb LbL and Zb RbR couplings deviate from those in the standard model by −7%, 18%, 0.3% and 0.9% with the warp factor z L = 10 15 , respectively. The violation of the µ-e, τ -e and t-e universality in the charged current interactions is O(10 −8 ), O(10 −6 ) and 2.3%, respectively.
Introduction
The Higgs boson is the only particle yet to be found in the standard model of electroweak interactions. It is not clear, however, if the Higgs boson appears as described in the standard model. New physics may be hidden behind it.
In the gauge-Higgs unification scenario the 4D Higgs field is identified with a part of the extra-dimensional component of gauge fields in higher dimensions. [1, 2] The 4D
Higgs field appears as an Aharonov-Bohm (AB) phase, or a Wilson line phase, in the extra dimension. [3, 4, 5] The electroweak (EW) symmetry breaking is induced by dynamics of the AB phase through the Hosotani mechanism. A finite mass of the Higgs boson is generated at the quantum level, the mechanism of which provides a new way of solving the gauge hierarchy problem as an alternative to supersymmetric theories, the little Higgs model and the Higgsless model. [6] A realistic gauge-Higgs unification model is constructed in the Randall-Sundrum warped space. [7, 8, 9] Based on the gauge group SO(5) × U(1) quarks and leptons are introduced in the vector (5) representation of SO(5) in the bulk five-dimensional spacetime with additional fermions localized on the Planck brane. [10] - [13] The presence of the top quark dynamically induces the EW symmetry breaking, thereby the effective potential V eff for the AB phase θ H being minimized at θ H = ± 1 2 π. [12] In the gauge-Higgs unification scenario the interactions of the Higgs boson are governed by the gauge principle. Its interactions with other particles deviate from those in the standard model, which may be understood as manifestation of the underlying gauge invariance. The 4D neutral Higgs field H(x) corresponds to four-dimensional fluctuations of the AB phase θ H so that these two appear, in the effective theory at low energies, always in the combination ofθ
where f H turns out ∼ 246 GeV. The effective interactions with W , Z bosons and fermions are summarized as [13] 
2)
The mass functions are approximately given by m W (θ H ) ∼ 1 2 gf H sinθ H , m The large gauge invariance implying the periodicity inθ H , and the smoothθ Hdependence of the mass functions without the level crossing in the warped space lead to significant deviation in the Higgs couplings from the standard model. [13] - [19] As follows from (1.2), the W W H, ZZH and Yukawa couplings are suppressed by a factor ∼ cos θ H compared with those in the standard model. At particular values of θ H = ± 1 2 π, namely at the extrema of the smooth periodic mass functions, they vanish.
* As proven in ref.
[20] the W W H ℓ , ZZH ℓ and ψ − ψH ℓ couplings with an odd integer ℓ vanish to all order in perturbation theory, provided that all bulk fermions belong to the vector representation of SO (5) . The Higgs boson becomes absolutely stable, the stability being protected by the dynamically emerging H-parity. The Higgs boson is H-parity odd, while all other particles in the standard model are H-parity even. This leads to astonishing physical consequences.
In the evolution of the universe, Higgs bosons become the cold dark matter. The dark matter density observed at WMAP is explained with m H ∼ 70 GeV. This scenario of the stable Higgs bosons as cold dark matter is quite different from the Kaluza-Klein (KK) dark matter scenario in which additional fields with odd KK parity become dark matter.
[21] The LEP2 bound for m H is evaded as the ZZH coupling vanishes. Higgs bosons can be produced in pairs in collider experiments . They appear as missing energies and momenta.
In this paper we turn our attention to the gauge couplings of quarks and leptons. [22, 23] Although the five-dimensional gauge couplings are dictated by the gauge principle and are universal, the four-dimensional gauge couplings appear as overlap integrals in the fifth coordinate with wave functions of relevant fields inserted. In the gauge-Higgs unification models in the RS warped space each of the left-and right-handed quarks and leptons has a quite different profile of the wave function so that deviation from the standard model is expected to arise in gauge couplings as well. It has been argued that in the SU(3) model the weak (µ-e, τ -e) universality is slightly violated. [24] There appear corrections to the S and T parameters, [10, 25, 26] which would constrain the models. Consequences in the tree level unitarity in the W W , W Z, and ZZ scattering also have been discussed. [27] - [30] Further, it has been shown that corrections to muon anomalous magnetic moment and to * In models in flat spacetime the mass functions can be linear inθ H , which results in the level crossing in conformity with the periodicity inθ H . In such a caseθ H = ± 1 2 π is not realized as demonstrated in ref. [12] .
neutron electric dipole moment appear in the SU(3) model, which has been used to get a bound for the KK mass scale. [31, 32] The purpose of this paper is to determine the W , Z and electromagnetic currents in the SO(5) × U(1) model with three generations of quarks and leptons, which generalizes the model of ref. [12] . The electroweak currents depend on the profiles of wave functions of W , Z, quarks and leptons both in the fifth dimension and in the SO(5) group. Despite their highly nontrivial profiles, it is found that the deviations of the couplings of quarks and leptons to the gauge bosons from the standard model are less than 1% except for the top quark.
The paper is organized as follows. In Section 2 the SO(5) × U(1) model is specified.
Quark and lepton multiplets are introduced in the bulk five-dimensional spacetime, with associated fermions localized on the Planck brane. In Section 3 we show that with both quark and lepton multiplets included the model becomes free from 4D anomalies with respect to the SO(4) × U(1) gauge symmetry left after the orbifold conditions imposed. 
Model
The model is defined in the Randall-Sundrum (RS) warped spacetime whose metric is given by
where η µν = diag(−1, 1, 1, 1), σ(y) = σ(y + 2L), and σ(y) = k|y| for |y| ≤ L. The fundamental region in the fifth dimension is given by 0 ≤ y ≤ L. The Planck brane and the TeV brane are located at y = 0 and y = L, respectively. The bulk region 0 < y < L is an anti-de Sitter spacetime with the cosmological constant Λ = −6k 2 .
We consider an SO(5)×U(1) X gauge theory in the RS warped spacetime. The SO(5)× U(1) X symmetry is broken to SO(4) × U(1) X by the orbifold boundary conditions at the Planck and TeV branes. The symmetry is spontaneously broken to SU(2) L × U(1) Y by additional interactions at the Planck brane.
The action integral consists of four parts:
The bulk parts respect SO(5) × U(1) X gauge symmetry. There are SO(5) gauge fields
and Tâ(â = 1, . . . , 4) are the generators of SO(4) ∼ SU(2) L × SU(2) R and SO(5)/SO(4), respectively.
In a vectorial representation, the components of the generator are T
, where i, j = 1, . . . , 5. They satisfy Tr(T I T J ) = δ IJ . The action integral for the pure gauge boson part is
where the gauge fixing and ghost terms are denoted as functionals with suffices gf and gh, respectively. Here
The orbifold boundary conditions at y 0 = 0 and y 1 = L for gauge fields are given by
which reduce the SO(5) × U(1) X symmetry to SO(4) × U(1) X . A scalar field Φ(x) on the Planck brane belongs to (0,
charge. With the brane action
the SU(2) R ×U(1) X symmetry breaks down to U(1) Y , the weak hypercharge in the standard model. Let us denote
Suppose that w is much larger than the KK mass scale M KK , being of, for instance, are odd under parity and necessarily vanish at y = 0. The effective orbifold boundary conditions are tabulated in Table 1 . In passing, it is possible to allow discontinuities in A y at y = 0 by enlarging the configuration space for A y as discussed in ref. [33] . One can include discontinuities in A y in the gauge-fixing condition at the Planck brane. Then A y can obey either Dirichlet, or Neumann, or other boundary condition, depending on the gauge condition, as spelled out in refs. [12] and [33] . We adopt the viewpoint that all vector potentials A M are continuous, but the results in the present paper are not affected by the gauge choice.
Bulk fermions for quarks and leptons are introduced as multiplets in the vectorial representation of SO(5). In the quark sector two vector multiplets are introduced for each generation. In the lepton sector it suffices to introduce one multiplet for each generation to describe massless neutrinos, whereas it is necessary to introduce two multiplets to describe 
massive neutrinos. They are denoted by Ψ t a = (ψ a1 , . . . , ψ a5 ) t where the subscript a runs from 1 to 3 or 4 for each generation.
The action integral in the bulk is given by
where the Dirac conjugate is given byΨ = iΨ † Γ 0 and Γ µ matrices are given by
The non-vanishing spin connection is 
ψ 5 is a singlet (0, 0). The quarks in the third generation, for instance, are composed of bulk Dirac fermions in the SO(5) vectorial representation
and right-handed brane fermions of the (
For brane fermions, the hypercharge Y /2 is equal to the U(1) X charge, Q X . Leptons in the third generation (with massless ν τ ) are composed of bulk Dirac fermions in the SO (5) vectorial representation 13) and right-handed brane fermions of the (
14)
The assignment of charges for quarks and leptons is tabulated in Table 2 , where the U(1) X charge, the hypercharge and the electric charge are denoted as , 0) representation of SU(2) L × SU(2) R localized on the Planck brane at y = 0 as tabulated in Table 2 .
The brane fermionsχ αR andχ ℓ αR couple to the corresponding bulk fermions and the brane scalar Φ in (2.5) without spoiling the SO(4) symmetry on the Planck brane through Yukawa couplings such asỹχ † 2R (Q 1 q)Φ and y 1χ † 1R (Q 1 q)Φ, etc., where (Q 1 q) is cast in a 2-by-2 matrix in the (
and the Yukawa coupling constants are denoted asΦ = iσ 2 Φ * andỹ, y 1 , respectively.
After the scalar field Φ develops a vacuum expectation value, the general brane action 
where D µ in the kinetic term has the same form as in Eq. (2.5) with A 
Anomaly cancellation
In the previous section the brane fermionsχ αR andχ ℓ αR are introduced to get the low energy spectrum of quarks and leptons. We would like to show that they are necessary for the cancellation of 4D anomalies with respect to the SU(2) L × SU(2) R × U(1) X gauge symmetry. From this viewpoint the presence of the brane fermions is expected to be a physical consequence resulting from a more fundamental theory.
Let us first consider the case of massless neutrinos in which there are the multiplets Ψ 1 , Ψ 2 ,χ 1R ,χ 2R , andχ 3R in the quark sector, and Ψ 3 andχ ℓ 1R in the lepton sector. We need to check the cancellation of 4D anomalies for triangle diagrams in the gauge group (3) From the assignment of charges in Table 2 , the anomaly cancellation for SU(2) L × U(1) Y is manifest. For three U(1) X bosons, anomalous terms for quarks for each color are proportional to 2 3
and the coefficient for leptons is
For three U(1) X bosons, the sum of contributions vanishes,
For one U(1) X boson, the coefficient for quarks for each color is
From Eq. (3.4), the coefficient for one U(1) X boson with two SU(3) c bosons is also vanishing. For one U(1) X boson with two SU(2) L bosons, the coefficient is
for quarks for each color and
for leptons. The sum of the contributions vanishes. Finally for one U(1) X boson with two SU(2) R bosons, the coefficient is
for leptons. The sum vanishes. We have confirmed the anomaly cancellation for Ψ i ,χ iR ,
. In the case of massive neutrinos the set of additional multiplets, (Ψ 4 ,χ ℓ 2R ,χ ℓ 3R ) must be included. Amazingly this set of the multiplets does not generate any anomaly. Indeed, for
For one U(1) X , the coefficient is
From this equation, the coefficient for one U(1) X boson with two SU(3) c bosons is also vanishing. For one U(1) X boson with two SU(2) L bosons, the coefficient is
Finally for one U(1) X boson with two SU(2) R bosons, the coefficient is
Thus the cancellation of the 4D anomalies has been confirmed even when (
We remark that there remain 5D anomalies. As shown in refs. [34] - [36] , the bulk fermions give rise to an anomaly to a 5D current J 
The remaining 5D anomalies need be cancelled, which may be achieved, for instance, by introducing Chern-Simons terms. We leave more detailed analysis for future investigation.
Spectrum and mode function profiles
In identifying the spectrum of particles and their wave functions, the conformal coordinate z = e σ(y) for the fifth dimension is useful, with which the metric becomes
In the bulk region 0 < y < L, one has ∂ y = kz∂ z , A y = kzA z , B y = kzB z . To find the gauge couplings of quarks and leptons in four dimensions one needs their wave functions in the fifth dimension.
Gauge bosons
The SO (5) 
the quadratic part of the action for the SO(5) gauge fields is given by 
. The linearized equations of motion are
The SO(4) vector Aâ y , which forms an SU(2) L -doublet Φ t H = (A2 y + iA1 y , A4 y − iA3 y ), has zero modes. One can utilize the residual symmetry such that the zero mode of A4 y yield a nonzero vacuum expectation value Aâ y = v δ a4 . The Wilson line phase θ H is given by
. By a large gauge transformation which maintains the orbifold boundary conditions θ H is shifted to θ H + 2π. The gauge invariance of the theory implies that physics is periodic in θ H with a period 2π. By a gauge transformation a new basis can be taken in which the background field vanishes,Ã c z = 0. [17, 37] The new gauge is called the twisted gauge as the boundary conditions are twisted. The new gauge potentials are related to the original ones
B M satisfies the same equations asÃ M .
The four-dimensional components of the SO(5) and U(1) X gauge bosons contain W and Z bosons and photon as
The wave functions h
satisfy their own equations of motion and boundary conditions. The boundary conditions at z = 1 is summarized in Appendix A.
(i) W boson tower
The wave functions of the KK tower of W µ (x) are given by
Here N W (z; λ) = 2aC(z; λ) and D W (z; λ) = 2a(C(1; λ)/S(1; λ))S(z; λ) where the C and S functions are defined as [12, 37] 
Here the prime denotes a derivative;
The mass spectrum kλ for W µ (x) and its KK tower is determined by
The mass m W of the W boson, the lightest mode, is given by
Behavior of the wave functions with respect to y/L is shown in Fig. 1 . The wave function of the W boson is flat in most of the region in the bulk in the RS space, which should be contrasted to the case of models in a flat spacetime. In the right figure, the detailed y-
In the region where the wave function is flat, (ii) Photon tower
The wave functions of the A γ µ bosons in the photon tower are given by
where the coefficient c is determined by the normalization
The mass spectrum is determined by
The lowest mass mode is the massless photon. Its wave functions are constant;
L that the 4D gauge couplings for weak and electromagnetic interactions arē 
The wave functions of the bosons in the Z boson tower are
Here
The mass spectrum of the Z tower is determined by
The mass of the lightest mode, the Z boson, is given by
The profile of the wave functions of the Z boson is similar to that of the W boson up to overall factors. The dominant contribution to the normalization comes from figure 2 depicts the y-dependence of √ LN Z of the Z boson. √ LN Z ≃ 1.00699 in the region where the wave function is flat. 
Fermions
In terms of the rescaled fieldsΨ a = z −2 Ω(z)Ψ a in the twisted gauge where 20) the action for the fermions in the bulk region becomes
If there were no brane interactions,Ψ a would obey 
The basis functions are given by
They satisfy
They obey the boundary conditions that
The wave functions of fermions have been determined in ref. [13] . In the quark sector we
For the right-handed components there are tiny mixture of the brane fermionsχ R . Their contributions have been shown to be negligibly small. [13] The u and c quarks are described in a similar way. We suppose that the scale of brane masses is much larger than the KK mass scale; µ 
Here c H = cos θ H and s H = sin θ H . The coefficient a B+t is determined by
The top quark mass m t = kλ t obeys
This equation contains only the ratioμ/µ 2 and c as parameters. As we will see below,
there is the corresponding equation for the bottom quark mass m b which contains the same parameters. A typical set of parameters and the corresponding quark masses are shown in Table 3 . The masses of quarks in Table 3 
The d and s quarks are described in a similar manner. The ratios of the coefficients are given by
The coefficient a D+X is given by
The mass m b = kλ b obeys 
The value of θ H is dynamically determined. [3, 4, 39, 40] In the present model the contributions to the effective potential V eff (θ H ) from multiplets containing the top quark dominate, whereas the contributions from other quarks and leptons are negligible. V eff (θ H ) has global minima at θ H = ± 1 2 π. [12] Hence, given k (or z L ) , m t , m b , the parameters c and |μ/µ 2 | are determined. These values are not sensitive on the value of k very much. See Table 3 .
The wave functions C L and S L for the left-handed quarks t L , b L are localized near the Planck brane, whereas C R and S R for the right-handed quarks t R , b R are localized near the TeV brane.
Generalization to the case of three generations of quarks is straightforward. If there were no flavor mixing, it would be enough to replace (λ t , λ b ) in the above formulas by (λ c , λ s ) or (λ u , λ d ) to determine the wave functions of (c, s) of (u, d) quarks, respectively. The flavor mass mixing is incorporated by considering 3-by-3 matrices for µ 2 andμ, in which case the formulas become more involved. In the present paper we evaluate electroweak gauge couplings with the mixing turned off.
(iii) Leptons
We need to introduce only a vector multiplet Ψ 3 in Table 2 to describe a massless neutrino for each generation. The τ lepton is contained in the form
e, µ leptons are described in a similar way. The ratios of the coefficients are given by
The mass m τ = kλ τ is determined by
To describe massive neutrinos one needs to introduce two multiplets Ψ 3 and Ψ 4 . The structure is the same as in the quark sector. Take c 3 = c 4 ≡ c. The left-handed components are contained in the form 
. Similarly to Eq. (4.35), the ratio of the couplings is given by
As in the quark sector, generalization to three generations of leptons is straightforward.
The flavor mixing is incorporated by taking 3-by-3 matrices for µ As in ref. [13] , we define the normalized coefficients a (4.42) where Table 4 and Table 5 .
, and a
components vanish. Table 4 : Normalized coefficients in mode expansion for quarks. 
1.384 ×10 Regarding the isospin eigenvalues in SU(2) L ×SU(2) R , all the nonvanishing components are found to be left-right symmetric. Indeed the eigenvalues are given by
The left-right symmetry is preserved as the left-right antisymmetric part vanishes at θ H = ±π/2. As expected from the situation in the left-right symmetric models, we will see in the next section that the gauge couplings deviate little from those in the standard model.
Electroweak currents
Inserting the wave functions of the 4D gauge fields A γ µ (x), W µ (x) and Z µ (x) into the 5D gauge couplings, one finds that 
in (4.21). As they appear as overlap integrals, the 4D gauge couplings are not universal and are expected to deviate from those in the standard model at nonvanishing θ H . Surprisingly the deviation turns out very small, although the wave functions have significant dependence on θ H . Useful formulas for evaluating 4D gauge-fermion couplings are given in Appendix C.
(i) Photon couplings
The photon couplings are universal. The U(1) EM invariance remains intact. The wave function of the photon is constant with respect to z so that the z-integrals for the gauge couplings are fixed by the normalization of the fermion wave functions. For the third generation one finds that
There arise deviations in the W boson couplings from the standard model. For the t and b quarks their interactions are given by
Not only left-handed components but also right-handed components couple to W in general.
The couplings are given by
tb,R is obtained from (5.4) by replacing C L (λ) and S L (λ) by S R (λ) and C R (λ), respectively.
We have tabulated the numerical values of these couplings at θ H = 1 2 π in Table 6 . In the table the normalized couplings
are also listed where g W is the measured W eν e coupling, corresponding to the SU(2) L coupling in the standard model. The origin of the value g
eν,L /ḡ A = 1.00533, whereḡ A is the 4D gauge coupling defined in (4.15), is traced back to √ LN W ≃ 1.00533 as described in Section 4.1.
Notice that the couplings of left-handed quarks and leptons are close to g W except for the top quark. To see the tiny violation of the weak universality we have listed g Table 7 . By definition, g
νe,e L − 1 = 0. The violation of the µ-e universality is of −1.022 × 10 −8 for z L = 10 15 , which is below the current limit. Similar behavior has been previously reported in the SU(3) model in ref. [24] . The violation becomes appreciable for the tb coupling. The couplings of right-handed quarks and leptons are nonvanishing, but are all tiny. f,LR and g
eνL .) Here the parameters given in Table 3 are used. 
− 1 of the W couplings from the standard model, which represents the violation of the universality.
c, s t, b −1.022 ×10 
The Z boson couplings of t and b quarks take the form
Here the couplings g (Z)3 and g (Z)Q are given by
The formulas for g (Z)3
tb,R and g (Z)Q tb,R are obtained from (5.7) by replacing C L (λ) and S L (λ) by S R (λ) and C R (λ), respectively. 
The values of g (Z)3 /ḡ A and g (Z)Q /ḡ A for each quark and lepton are listed in Tables 8   and 9 , respectively. The origin of the value g
uL /ḡ A = 1.00699 is traced back to the value √ LN Z ≃ 1.00699. As emphasized in the discussion of the W coupling, the observed weak coupling is g W defined in (5.5). Accordingly we define
The numerical values are listed in Table 10 . To emphasize the magnitude of deviation the quantity g 
Discussions and conclusion
We have determined the W and Z currents in the SO(5) × U(1) X model with three generations of quarks and leptons with no flavor mixing, which generalizes the model of ref. [12] .
The electroweak currents depend on profiles of the wave functions of W , Z, quarks and leptons in the fifth dimension and in the SO (5) (5). [20] In investigating the gauge couplings of quarks and leptons, we have not considered, in the present paper, the flavor mixing in quarks and leptons. The flavor mixing can be incorporated by replacing the couplings µ α , µ ℓ α ,μ,μ ℓ in the brane coupling (2.15) by general matrices with flavor indices [42, 43] . In the neutrino sector, in particular, the mixing is large and important. Also in the quark sector the CKM mixing must be taken into account to accurately evaluate the amount of the violation of the weak universality. Further the matrices µ α , µ ℓ α ,μ,μ ℓ need to be constrained, for the consistency with the absence of FCNC (flavor-changing neutral currents), for instance, via a version of the GlashowIliopoulos-Maiani mechanism. [44, 45, 46] Elaboration of the analysis in this direction is urgent.
Further, in the electroweak precision tests, gauge couplings of fermions have been estimated to extreme accuracy with respect to, for instance, the forward-backward production asymmetry on the Z resonance. As the deviation of the couplings from the standard model is very small except for the top quark, the deviation for the asymmetry production are also expected to be small except for the top quark. More detailed analysis on this matter is deferred to a separate paper [47] .
QCD gauge interactions are implicit in our model, and color SU(3) should be included as a direct product group in the bulk symmetry. KK gluons in color SU(3) would give rise to important QCD corrections to the electroweak gauge couplings. [48, 49] These effects need to be taken into account appropriately.
In conclusion, we have presented the SO ( masses to quarks and leptons, it becomes absolutely stable. Higgs bosons can be the cold dark matter in the universe. [20] The model has to be examined in more detail to explore experimental and observational consequences by taking account of the flavor mixing and radiative corrections. A Boundary conditions for gauge bosons at z = 1
In the twisted gauge the boundary conditions for gauge bosons at z = 1 are given by
For the W µ boson, the boundary conditions are
The conditions (A.2) and (A.4) are automatically fulfilled with the wave functions (4.7).
The condition (A.3) leads to Eq. (4.10).
For A γ µ boson, the boundary conditions are
(A.6) is automatically fulfilled with (4.12). (A.5) leads to (4.13).
For Z boson, the boundary conditions are 
Here τ a = σ a /2, a = 1, 2, 3. Other useful formulas arē
Thus the electroweak couplings for Ψ in the vector representation are given bȳ
where
C Electroweak currents
In evaluating the electroweak currents in Section 5, the following formulas are useful. The tilde over fields for denoting the twisted gauge is omitted in this appendix.
(i) Photon couplings
4D Lagrangian for the photon-top coupling is given by
For the photon-bottom coupling one finds
For the photon-electron coupling one finds
These lead to Eq. (5.2).
D Gauge couplings determined with inputs of the running masses of quarks and leptons at the m Z scale
In this appendix, we summarize the results for the coefficients of mode functions and the gauge couplings with input parameters corresponding to the running masses of quarks and leptons at the m Z scale given in ref. [50] . Here we treat the case of massless neutrinos. For the input parameters given in Table 11 , the normalized coefficients are obtained as in Table 12 . 
−1
For the input parameters given in Table 11 , the W couplings and the normalized W couplings are given in Table 13 and Table 14 , respectively. For the input parameters given in Table 11 , the Z couplings of quarks are obtained as in Table 15 . For the input parameters given in Table 11 , the Z couplings of leptons are obtained as in Table 16 . For the input parameters given in Table 11 , the normalized Z couplings are obtained as in Table 17 . 
